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Boundedness of Calderon-Zygmund Operators on 
Non-homogeneous Metric Measure Spaces 
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Abstract. Let (X ', d, fi) be a separable metric measure space satisfying the known upper 
doubling condition, the geometrical doubling condition and the non-atomic condition 
that fi({x}) = for all x G X. In this paper, we show that the boundedness of a 
Calderon-Zygmund operator T on L 2 {p) is equivalent to that of T on L p (n) for some 
p G (1, oo), and that of T from to L 1 ' 00 (/x). As an application, we prove that if T is 

a Calderon-Zygmund operator bounded on L 2 (/x), then its maximal operator is bounded 
on L p (ijl) for all p G (1, 00) and from the space of all complex- valued Borel measures on 
X to L 1 ' 00 (/i)- All these results generalize the corresponding results of Nazarov et al. on 
metric spaces with measures satisfying the so-called polynomial growth condition. 

1 Introduction 

The classical theory of singular integrals of Calderon-Zygmund type started with the 
study of convolution operators on the Euclidean space associated with singular kernels 
and has been well developed into a large branch of analysis on metric spaces. One of the 
most interesting cases is the "space of homogeneous type" in the sense of Coifman and 
Weiss [3, 4]. Recall that a metric space (X, d) equipped with a nonnegative Borel measure 
H is called a space of homogeneous type if (X, d, /i) satisfies the following measure doubling 
condition that there exists a positive constant such that for any ball B(x,r) = {y G 
X : d(x, y) < r} with x G X and r G (0, 00), 

(1.1) fi(B(x,2r)) <C^(B(x,r)). 

The measure doubling condition (1.1) was considered the cornerstone of any extension to 
abstract frameworks of the theory of singular integrals. However, recently, many results 
on the classical Calderon-Zygmund theory have been proved still valid if the measure 
doubling condition is replaced by a less demanding condition; see, for example, [13, 16, 
17, 14, 18, 12, 2] and the references therein. 
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In particular, let n € (0,oo), X be a separable metric space endowed with a metric 
d and a nonnegative "k dimensional" Borel measure fi in the sense that there exists a 
positive constant Co such that for all x G X and r £ (0, oo), 

(1.2) v(B(x,r))<C r K . 

Such a measure need not satisfy the doubling condition (1.1). In [13], Nazarov, Treil and 
Volberg showed that if T is a Calderon-Zygmund operator bounded on L 2 (fi), then T is 
bounded on L p (u.) for all p € (1, oo) and from -L 1 (/u) to L 1,00 (/i), and the corresponding 
maximal operator is also bounded on L p (p) for any p € (l,oo) and from the space 
^t(X) of all complex- valued Borel measures on X to L 1,oc (fi); moreover, Nazarov et al. 
[13] also proved that if T is a Calderon-Zygmund operator bounded from L 1 (/u) to L 1 ' 00 ^), 
then T is also bounded on L 2 (fi). 

Notice that measures satisfying the polynomial growth condition (1.2) are only dif- 
ferent, not more general than measures satisfying (1.1). Thus, the Calderon-Zygmund 
theory with non-doubling measures is not in all respects a generalization of the corre- 
sponding theory of spaces of homogeneous type. In [9], Hytdnen introduced a new class of 
metric measure spaces satisfying the so-called upper doubling condition and the geomet- 
rical doubling condition (see also Definitions 1.1 and 1.2 below), and a notion of the space 
of regularized BMO. This new class of metric measure spaces is a simultaneous generaliza- 
tion of the spaces of homogeneous type and metric spaces with power bounded measures. 
Later, Hytdnen and Martikainen [10] further established a version of T(b) theorem for 
Calderon-Zygmund operators in such spaces. 

Let (X, d, a) be a separable metric space which satisfies the upper doubling condition, 
the geometrical doubling condition and the non-atomic condition that /i({x}) = for 
all x £ X. The goal of this paper is to generalize the corresponding results of Nazarov 
et al. in [13]. Precisely, in this paper, we show that the boundedness of a Calderon- 
Zygmund operator T on L 2 (n) is equivalent to that of T on L p (/j,) for some p € (l,oo), 
and that of T from L l {^i) to L As an application, we prove that if T is a Calderon- 

Zygmund operator bounded on L 2 (//), then its maximal operator is bounded on L p (/j.) for 
all p € (1, oo) and from the space of all complex-valued Borel measures on X to L 1,co (n). 

To state our main results, we first recall some necessary notions and notation. We 
begin with the definition of the upper doubling spaces in [9]. 

Definition 1.1. A metric measure space (X,d,n) is said to be upper doubling if fj, is a 
Borel measure on X and there exists a dominating function X : X x (0, oo) — > (0, oo) and 
a positive constant C\ such that for each x € X, r — > X(x, r) is non-decreasing, and for all 
x £ X and r 6 (0, oo), 

(1.3) ti B ( x > r )) ^ A (z, r) < C A A(x, r/2). 

Remark 1.1. (i) Obviously, a space of homogeneous type is a special case of upper 
doubling spaces, where one can take the dominating function X(x,r) = fi(B(x,r)). On 
the other hand, a metric space (X,d,fi) satisfying the polynomial growth condition (1.2) 
(in particular, (X,d,fi) = (W l , \-\,fJ>) with fi satisfying (1.2) for some k € (0,n]) is also an 
upper doubling measure space if we take X(x,r) = C§r K . 
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(ii) Let (X, d, fi) be an upper doubling space and A a dominating function on X x (0, oo) 
as in Definition 1.1. It was showed in [11] that there exists another dominating function 
A such that for all x, y £ X with d(x, y) < r, 

(1.4) X(x,r)<CX(y,r). 

Thus, in this paper, we always assume that A satisfies (1.4). 

We now recall the notion of geometrically doubling spaces introduced in [9] . 

Definition 1.2. A metric space (X, d) is called geometrically doubling if there exists some 
Nq € N = {1, 2, • • • } such that for any ball B(x, r) C X , there exists a finite ball covering 
{B(xi,r /2)}i of B(x,r) such that the cardinality of this covering is at most Nq. 

Remark 1.2. Let (X,d) be a metric space. In [9, Lemma 2.3], Hytonen showed that the 
following statements are mutually equivalent: 

(i) (X, d) is geometrically doubling. 

(ii) For any e € (0,1) and any ball B(x,r) C X, there exists a finite ball covering 
{B(xi, er)}i of B(x,r) such that the cardinality of this covering is at most Nq€~ u , 
where and in what follows, Nq is as in Definition 1.2 and n = log 2 Nq. 

(iii) For every e € (0,1), any ball B(x,r) C X can contain at most Nqc -11 centers 
of disjoint balls with radius er. 



(iv) There exists M € N such that any ball B(x,r) C X can contain at most M centers 



{xi}i of disjoint balls {B(x{, r/4)}f f 



Now we recall the notions of standard kernels and corresponding Calderon-Zygmund 
operators in the current setting from [10]. Let ^{X) be the space of all complex-valued 
Borel measures on X. For a measure v G ^(X), we denote by \\u\\ = J x \du(x)\ the total 
variation of v and supp v the smallest closed set F C X for which v vanishes on X \ F 
(such a smallest closed set always exists since X is separable; see [13, p. 466]). Also, for 
any function /, supp / means the essential support of the function f, namely, the smallest 
closed set F C X such that f vanishes at n~ almost every x G X \ F. 

Definition 1.3. Let A = {(x,x) : x € X}. A standard kernel is a mapping K : X x 
X \ A — > C for which, there exist positive constants r £ (0, 1] and C such that for all x, 
y £ X with x ^ y, 

(1-5) \K(x,y)\<C 



X(x,d(x,y)) ' 

and that for all x, x, y € X with d(x,y) > 2d(x, x), 

[d(x, x)] T 



;i.6) \K(x, y) - K(x, y) \ + \K(y, x) - K(y, x) j < C 



[d(x,y)] T \{x,d{x,y))' 
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A linear operator T is called a C alder on- Zygmund operator with K satisfying (1.5) 
and (1.6) if for all / € L?°(|U), the space of bounded functions with bounded support, and 
x £ supp/, 

Tf(x)= ( K(x,y)f(y)dfx(y). 
Jx 

A new example of operators with kernel satisfying (1.5) and (1.6) is the so-called 
Bergman-type operator appearing in [19]; see also [10] for an explanation. 

Assume that T is a C alder on- Zygmund operator with K satisfying (1.5) and (1.6). For 
any v G ^f(X) with bounded support and x € X \ suppz^, define 

Tu(x) = / K{x,y)dv(y). 
Jx 

Moreover, the maximal operator associated with T is defined as follows. For every 
/ € L^{fx) and v £ j$ (X), we set, for all x G X, 

T%0=sup|r r /(aO| 

r>0 

and 

r"i/(a;) = sup |T r i/(a;)|, 

r>0 

where for every r > 0, 

T r f(x)= ! K(x,y)f(y)dfi(y) 

Jd(x,y)>r 

and 

T r v(x)= [ K{x,y)du{y). 

J d(x, y)>r 

The main result of this paper reads as follows. 

Theorem 1.1. Let T be a C alder on- Zygmund operator with kernel satisfying (1.5) and 
(1.6). Then the following statements are equivalent: 

(i) T is bounded on L 2 (fi); namely, there exists a positive constant C such that for all 
f G L 2 (ri, 

\\Tf\\i?M < C\\f\\ L 2 W . 

(ii) T is bounded on L p (fi) for some p € (1, oo); namely, there exists a positive constant 
C{p), depending on p, such that for all f £ L p (fj,), 

\\Tf\\ LP (u)<C(p)\\f\\ LP(a y 

(iii) T is bounded from L 1 (fi) to L '°°(/x); namely, there exists a positive constant C such 
that for all f G L 1 (/i), 

(i-7) r/ikLoc^ <cn/ii L i M . 
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As an application of Theorem 1.1, we also obtain the following boundedness of the 
maximal operators associated with the Calderon-Zygmund operators. 

Corollary 1.1. Let T be a Calderon-Zygmund operator with kernel satisfying (1.5) and 
(1.6), which is bounded on L 2 (fi), and T« the maximal operator associated with T. Then 
the following statements hold: 

(i) Let p £ (1, oo). There exists a positive constant c such that for all f € L p {(jl), 



< C 



(ii) There exists a positive constant c such that for all v 6 ^{X), 



(1.8) 

Moreover, for all f € L 1 (fi), 
(1.9) 



Th 



L 1 ' °°(/Ll) 



< c\\u\\. 



Together, Theorem 1.1 and Corollary 1.1 consist of a generalization of Nazarov-Treil- 
Volberg's [13, Theorems 1.1 and 10.1] from measures of type (1.2) to general upper dou- 
bling measures. 

This paper is organized as follows. Let (X, d, fj,) be a separable metric space satisfying 
Definitions 1.1 and 1.2, and the non-atomic condition. In Section 2, we make some prelim- 
inaries, including a Whitney-type Covering Lemma 2.2 and a Hormander-type inequality, 
Lemma 2.4. In Section 3, we first establish a Cotlar type inequality and an endpoint 
estimate for T in terms of the so-called elementary measures, which is an alternative to 
the Calderon-Zygmund decomposition introduced by Nazarov, Treil and Volberg [13] in 
the case of X = M. n and the polynomial bound (1.2). As an application of these estimates 
and the non-atomic assumption, we further obtain (i) (ii), (i) => (iii) and (ii) => (iii) 
of Theorem 1.1. We remark that the non-atomic assumption is to guarantee that every 
A C X of positive //-measure can be further divided into two subsets, both of positive 
//-measure (see Definition 3.1 and Remark 3.2). Notice that the non-atomic condition is 
automatically true under the polynomial growth condition (1.2). 

Section 4 is devoted to the proof of (iii) (i) of Theorem 1.1, while the proof of 
Corollary 1.1 is presented in Section 5. We point out that in [13], the size condition of 
a given Calderon-Zygmund kernel K(x, y) is just related to the distance d(x, y) of x and 
y, which is a very important fact used in [13]. However, this may be false in our context, 
since K(x, y) is controlled by [X(x, d(x, y))] _1 and X(x, d(x, y)) depends not only on d(x, y), 
but also on x. To overcome this difficulty, we first restrict ji to the closure of some ball, 
B(xq,M) for some fixed xq € X and large radius M, where and in what follows, for an 
open ball B, B means the closure of B, and show that (iii) =>■ (i) of Theorem 1.1 holds 
for the restriction of fx with constant independent of M. Then by a limiting argument 
we obtain (iii) (i) of Theorem 1.1 for jj,. Similar method is also used in the proof of 
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Corollary 1.1 in Section 5. In Section 5, we also obtain an endpoint estimate for T" via 
the elementary measures. Then as in [13], using this and some tools of probability theory, 
we establish Corollary 1.1. 

While this manuscript was in finishing touch, we learned that (i) => (ii) and (i) =>- (hi) 
of Theorem 1.1 and a variant of Lemma 3.1 in this paper were also independently obtained 
by Anh and Duong in [1] via a different approach modeled after the work of Tolsa [16] for 
measures of type (1.2) on M n . In fact, Anh and Duong in [1] first established a variant of 
the Calderon-Zygmund decomposition in this setting; then as an application of this, Anh 
and Duong further proved Theorem 1.1 and a variant of Lemma 3.1. Our approach, on 
the other hand, consists of extending the techniques of Nazarov, Treil and Volberg [13]. 

Finally, we make some conventions on symbols. Throughout the paper, C, C, c and c 
stand for positive constants which are independent of the main parameters, but they may 
vary from line to line. Constants with subscripts, such as C\ and ci, do not change in 
different occurrences. Also, C(a,j3,---) denotes a positive constant depending on a, /3, • • • . 
If / < Cg, we then write / < g or g > /; and if / < g < /, we then write / ~ g. For any 
q € (l,oo), let q' = q/(q — 1) be the conjugate index of q. Sometimes, the characteristic 
function of a set E in X is denoted by xe or 1e, depending on what seems convenient in 
a particular place. For p € (0, oo) and B = B(x,r), the notation pB = B(x,pr) means 
the concentric dilation of B. For any / € L\ oc (//), its average in a set E is denoted by 



2 Preliminaries 

In this section, we make some preliminary lemmas used in the rest of the paper. We 
begin with a covering lemma in [11], which is a simple corollary of [8, Theorem 1.2] and 
[9, Lemma 2.5]. 

Lemma 2.1. Let (X,d) be a geometrically doubling metric space. Then every family T 
of balls of uniformly bounded diameter contains an at most countable disjointed subfamily 
Q such that Ub^tB C L)b£q5B. 

The following Whitney type covering lemma was included in [3, p. 70, Theorem (1.3)] 
(see also [4, p. 623, Theorem (3.2)] or [2]), we present the proof here for completeness. 

Lemma 2.2. Let Q, C X be a bounded open set. Then there exists a sequence {Bi}i of 
balls such that 

(w); $7 = Uj-Bj and 2Bi C Q for all i; 

(w)jj there exists a positive constant C such that for all x G X, X^i XBi( s ) — C; 
(w)^ for all i, (3J3 t ) n{X\Q)^9. 

Proof. For any x € let r(x) = dist (x, X \ fl), where and in what follows, for any y 
and set E, dist (y,E) = mi zG E d(y, z). The function f(x) is strictly positive because f2 
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is open and the balls centered at x form a basis of neighborhood of x. Then by Lemma 
2.1, there exists a sequence {Bi}i = {£?(xj, r(xj))}j of balls with {xj}j C satisfying that 
{Bi}i are pairwise disjoint and {-Bj}« = {5Bi}i forms a covering of fl. Moreover, for each 
i, set Ti = 5r(xi). Then for any i and y £ 2i?j, since A' \ fl is closed, we have that 

dist (y, A* \ fl) > dist (x h X \ fl) - x f ) > dist (x;, A" \ fl) - 2n = 0. 

This yields y £ fl and hence 2Sj C fl, which implies (w);. On the other hand, since, by 
the definition of r^, 3rj = | dist (xj, X \ fl), we then see that (3-Bj) fl (X \ fl) ^ 0, which 
implies (w),;;. 

It remains to show (w);;. To this end, we claim that for any i and x £ BiDfl, 

(2.1) - dist (a;, X \ fl) < n < dist (x, X \ fl). 

Indeed, by the fact that A" \ fl is closed, we have 

dist (xi, X \ fl) < dist (x, X \ fl) + <i(x, Xj), 
which further implies that 

(2.2) dist ( Xi , X\fl)-ri< dist (x, X \ fl). 

Observe that by the definition of r^, dist (xj, X \ fl) = 2rj. This together with (2.2) gives 
us that 

(2.3) n < dist(x,A"\fl). 
On the other hand, by this, we also have 

dist (x, X \ fl) < d(x, x^ + dist (xj, X \ fl) < 3ri, 

which combined with (2.3) implies (2.1), and hence the claim holds. 

Now let x £ fl and Bi contain x. Then by (2.1), we see that Bi C B(x, 2 dist (x, A"\fl)). 
On the other hand, observe that {^B{\i = {-Bj}« are mutually disjoint. This together 
with another application of (2.1) implies that {B(x{, dist (x, X \ fl))}i are also pairwise 
disjoint. From this and Remark 1.2 (Hi), we deduce that the cardinality of 

js^-^dist (x,Af\fl)J j 

contained in i?(x,2dist (x, X \ fl)) is at most iVo30 n , and so is the cardinality of {Bi}i 
containing x. Thus, (w);i holds, which completes the proof of Lemma 2.2. □ 

Let p £ (0,oo), / £ L p loc (n) and v £ ^{X). The centered maximal functions A4 p f 
and M.v are defined by setting, for all x £ X, 

i 

(5(x,5r)) j-B(x,r) 



Mpf(x) = sup 

r>0 



8 



Tuomas Hytdnen, Suile Liu, Dachun Yang and Dongyong Yang 



and 

u(B(x, r)) 



A4v(x) = sup 



r>o p(B(x, 5r)) 

If p = 1, we denote A4% simply by M, which is called the centered Hardy-Littlewood 
maximal operator. 

Lemma 2.3. The following statements hold: 

(i) Let p € [1, oo). Then A4 P is bounded on L q (p) for all q 6 (p, oo] and from L p (p) to 
L p '°°(p). 

(ii) Let p E (0, 1). Then A4 P is bounded on L 1,co (p). 

(iii) There exists a positive constant C such that for all v € .y$(X), M.v £ L 1,ao (p) and 

\\Mi>\\ L i,°o {ti) < C\\u\\. 



Proof. The proof of (ii) is just a mimic of the one in [13, Lemma 3.2], and the proof of 
(iii) is similar to that of boundedness of A4 from L 1 (fi) to L l,ao {p) in (i). Thus, it suffices 
to prove (i) by similarity. By Lemma 2.5 in [9], any disjoint collection of open balls is at 
most countable, so is any disjoint collection of closed balls. Moreover, by an argument 
similar to that used in the proof of Proposition 3.5 in [9], we see that Ai p is bounded on 
L q (pb) for all q £ (p, oo] and bounded from LP(p) to L p '°°(/u). This finishes the proof of 
Lemma 2.3. □ 



Lemma 2.4. Let n € ^{X) such that rj{X) = and supp n C B(x, p) for some p € (0, oo) 
and x € X , and T be a C alder on- Zygmund operator with kernel satisfying (1.5) and (1.6) 
as in Definition 1.3. Then there exists a positive constant C, independent of n, x and p, 
such that for all nonnegative Borel measures v on X ', 

(2.4) / \Tr]{y)\dv{y) <C\\r]\\Mv{x). 

J X\B{x,2p) 

Moreover, for any p 6 [1, oo) and f 6 L p loc (p), 

(2-5) / \Tv(y)\\f(v)\ My) < c\\ v \\M p f(x) 

JX\B{x,2p) 

and 

(2-6) / \Tn{y)\dp{y) < C\\ V \\, 

JX\B(x,2p) 

where C is a positive constant, independent of n, x, p and f. 
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Proof. By similarity, we only prove (2.4). By rj(X) = 0, supp r\ C B(x,p) and (1.6), we 
have that for any y G X \ B(x, 2p), 



\Tv(y)\ 



K(y,x)dr)(x] 



B(x,p) 



[K(y,x) - K(y,x)]drj(x] 



B(x,p) 



< \\r)\\ sup \K(y,x) - K(y,x)\ <\\n\ 

x£B(x, p) 



d(x,y) 



1 



\{x,d{x,y)) 



Therefore, by (1.3), we have that 



\Tr]{y)\du(y) < \\r)\ 

X\B(x,2p) J X\B(x,2p) 



d(x,y) 



1 



\(x,d(x,y)) 
1 1 



< \\rj\\Y 

~ i^i ^ B ( x ' 2k+i p)\ b ( x ' 2k p) 2kT A ( x ' 2kp "> 

< ^ i K^(^2 fc +V)) 

~ l|7?ll ^2^/x(S(x,5-2 fc +V)) 
~ Nil £ 53F' Ml/ ( a! ) ~ \\n\\Mu(x), 



dv(y) 
dv{y) 



k=l 



which completes the proof of Lemma 2.4. 



□ 



3 Proof of Theorem 1.1, Part I 

This section is devoted to the proof of the implicity (i) => (ii) , (i) => (hi) and (ii) => (hi) 
of Theorem 1.1. To this end, we first establish an endpoint estimate for T via the so-called 
elementary measures which are finite linear combinations of unit point masses with positive 
coefficients. We begin with the following Cotlar type inequality inspired by [13]. 

Lemma 3.1. Let T be a Calderon-Zygmund operator with kernel satisfying (1.5) and 
(1.6), which is bounded on L 2 (/i). Then there exist positive constants C and c such that 
for any f G L^{fx) and x G supp/z, 

(3.1) T\f)(x) < CM{Tf)(x) + cM 2 {f)(x). 

Proof. Let x € supp/i, r G (0, oo), and rj = & r and fij = fJ,(B(x,Tj)) for j G Z + = 
N U {0}. We claim that there exists some j G N such that fj,j+i < 4C|/ij_i, where C\ is 
as in (1.3). For otherwise, by (1.3), we would have that for every j G N, 

Mo < (4C A 6 )--V 2i = {AC e x y^(B(x,r 2j )) < (4C A 6 )" J A (x, 5 2 V) < 5^A(x,r). 

Letting j — > 0, we have (j,(B(x,r)) = 0, which contradicts to the fact that fj,(B(x,r)) > 
for each r > and each x G supp jjl. Thus, the claim holds. 
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Let k € N be the smallest integer such that Hk+i < 4C^fc_i and R = r^-i = 5 r. 
Then we see that 

(3.2) fi(B(x,25R))<fi(B(x,R)). 

Observe that for all j £ {1, • • • , k}, we have that fJ-j+i < (2C|) J+2_fe /ifc and 

A(z,r fc ) < (C|) max W fe -^ 1 >A(a ; ,r, +1 ). 
Let / 6 L£°(/u). From this, (1.5), (1.3) and the Holder inequality, we then deduce that 

(3.3) \T r f(x)-T 5R f(x)\ < [_ _ \K(x,y)\\f(y)\dn(y) 

JB(x,5R)\B(x,r) 
= E£ - \K{x,y)\\f{y)\d^y) 



Let 



<^2^ fc X(/)(x)<^(/)( a 



/j,(B{x,R)) Jb(x,r) 



Then we have 

(3.4) \V R (x)\<M(Tf)(x). 
On the other hand, observe that 



TsRf(x) = K(x,y)f(y)dn(y) = K(x,y)x x \B( x b m{y)f{v) d^{y) 

JX\B(x,5R) J X 

= T {fXx\B(x,5R)) ( x ) = ( 5 ^ T (fX X \B(x,5R))) 

= (T*6 x ,fx x \B(x,5R)) = - T *5x(y)f(y)dfi(y), 

where and in what follows, 6 X denotes the Dime measure at x, and for a linear operator 
T, T* means the adjoint operator ofT. By writing 

1 

(,r 
1 



X~B(x, R) (y) T (fxB {x ,5R)) (v)Mv) 



li{B(x,R)) 
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we obtain that 

(3.5) \T 5R f(x)-V R (x)\ < 



+ 



X\B(x,5R) 
1 



dfi (y)f(y) dn(y) 



li{B{x,R)) Jx 
= Li +L 2 . 



X-B(x,R) 

" n(B(x,R)) 

T fxB(x, 5R) (y) xs(x, r) (y) d ^(y) 



By (2.5), we have Li < M^f)^). From the Holder inequality, the boundedness of T on 
L 2 (fj,) and (3.2). we further deduce that 



L 2 < [n(B(x,R))]- 
< [// (B(x,R))Y 



,v 



Tifx 



B(x,5R) 



(y) d fi(y) 



B(x, 5R) 



\f(y)\ 2 dKy) 



<M 2 (f)(x). 



Then combining the estimates for Li and L 2 , and using (3.5), (3.4) and (3.3), we have 
that for any r G (0, oo), 

\T r f(x)\ < \T r f(x) - T BR f(x)\ + \T 5R f(x) - Vr(x)\ + \V R (x)\ 
<M 2 (f)(x)+M(Tf)(x). 

Taking the supremum over r 6 (0, oo), we obtain (3.1), and hence complete the proof of 
Lemma 3.1. □ 

Remark 3.1. We point out that if we replace the boundedness of T on L 2 (fi) in Lemma 
3.1 by the boundedness of T on L q (fj,) for some q € (l,oo), then (3.1) still holds with M 2 
replaced by M. q . 

To prove Theorem 1.1, we still need to recall the notion of non-atomic space; see, for 
example, [6]. 

Definition 3.1. A subset A of a measure space is called an atom if n{A) > and 

each B C A has measure either equal to zero or equal to fJ>(A). A measure space (X, fj,) 
is called non-atomic if it contains no atoms. 

Remark 3.2. We know from Definition 3.1 that X is non-atomic if and only if for any 
A C X with n(A) > 0, there exists a proper subset B C A with n(B) > and fi(A\B) > 0. 
By this, it is straightforward that if /i({x}) = for any x 6 X, then [X , \x) is a non-atomic 
space. Moreover, it is known that if (X,fj,) is a non-atomic measure space, then for any 
sets Aq C A\ C X such that < n(A{) < oo and h(Aq) <t< fi(Ai) for some t G (0, oo), 
there exists a set E such that Aq C E C A\ and n{E) = t; see, for example, [6, p. 65]. 
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We say that v is an elementary measure if it is of the form 

N 

i=l 

where N G N, 5 Xi is the Dirac measure at some x% G X and a% > for i G {1, ■ ■ ■ , iV}. To 
prove Theorem 1.1, we first establish an endpoint estimate for T on these elementary mea- 
sures. This generalizes [13, Theorem 5.1], where it was proven for polynomially bounded 
measures as in (1.2) on M n . 

Theorem 3.1. Let T be a C alder on- Zygmund operator with kernel satisfying (1.5) and 
(1.6), which is bounded on L 2 (p). Then there exist positive constants C\ and C2 such that 
for all elementary measures u, 



( 3 - 6 ) H^Hl 1 .^^) < [Ci + C 2 \\T\\ L 2^^ L 2 



(m)J 



Proof. Without loss of generality, we may normalize v such that ||^|| = Xa=i a * = 1> an d 
hence we only need prove 

( 3 - 7 ) II^HU 1 ' 00 ^) < Ci + C , 2 ||T|| i 2( A1 )_ >i 2 (M ). 

Since for t G (0, l//i(Af)], we have 

t/i({x G ^ : |7V(a;)| > £}) < t/i(Af) < 1. 

Therefore it remains to consider the case t G (l/p(X), 00). Let B(xx,p\) be the smallest 
closed ball such that p,(B(x\, pi)) > a±/t. Indeed, since the function p — > p(B(x,p)) is 
increasing and continuous from the right, and greater than 1/t > ai/i for sufficiently large 
p > 0, such pi exists and is strictly positive. Then 

p(B(x 1 ,p 1 )) = lim a(B(x 1 ,p))<— . 

p-^pi-0 t 

Since (X, p) is non-atomic, by Remark 3.2, we can find a Borel set E\ such that 
and p(Ei) = ^. 

Let B(x2, P 2) be the smallest closed ball such that p(B(x2, P2) \ -Ei) > o^/i. Similarly, 
for the corresponding open ball B(x2, P2), we have p(B(x2, p2)\E\) < a^jt and henceforth 
find a Borel set E2 with the property: 



(S(x 2 , Pi) \ E x ) C £ 2 C (B{X 2 ,P2) \ E x 



and p(£ 2 ) = 2* 



Repeating the process, for i G {3, • • • , iV}, we have B(xi, pi) and Ei such that pi) 
is the smallest closed ball satisfying that p(B(xi,pi) \ (J;=i E{) > cti/t, 

(B(xi, Pi) \ jj C £?i C ^Bfo, pi) \ jj £^ 
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and fi(Ei) = ^f. Let E = IJ^i Ei- Then by the fact that Yli=i a « = 1 together with the 
choices of {B(xi, pi)}f =l and {Ei)^ =l , we see that 

N N 

\jB(xi, Pi ) QEC \jB(xi, Pi ) 



N 



i=l 



i=l 



and p(E) = j. 

Outside E, let us compare Tv to ta, where 



A' 



i=l 



We have 
(3.8) 



iV 



N 



Tu-ta=T I J^a^ -^X^i (x , i2p /(tt, d/i) 

\i=l / i=l 

N N 

Notice that for any i, 



i=i 



i=l 



(3.9) 



\tpi(x)\dp(x) 



N 
i = l 



< 



+ 



OLi T5 Xi (x) - tx x \B( Xl , 2 Pl ) ( x ) t (xe, dp) (a?) 

a; Ttf^x) - tXxXE^^p^TiXEi dp){x) dp(x) 

X\B(xi,2pi) 
(_ 

B(x i ,2p i )\B(x i ,p i ) 

T(ai5 Xi -txE l dp)(x)\ dp{x) 

X\B{xi,2 Pi ) 



+ /_ ai\T5 x .(x)\dp,(x) = Ji + J 2 . 

'B(xi,2pi)\B(x i>P i) 

For each i, using (2.6) and p{Ei) = we see that 

Jl ^ ||«t^ ^ «i- 

Moreover, from (1.5), (1.4) and (1.3), we deduce that 



J 2 < 



a; 



B 



(xi,2pi)\B(xi,pi) \(x,d(x,Xi)) 



dp(x) 
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< 



B 



(xi,2pi)\B(xi,pi) ^( x hd\ x i x W 



dp(x) < a, 



p(B(xj, 2 p^) 
K x uPi) 



< 



OLi. 



By the estimates of Ji together with J2 and (3.9), we obtain that J X \ E \<fi\ dp < Oj, 

which, together with (3.8) and the fact that YliLi a « = 1) further implies that there exists 
a positive constant C3 such that 



(3.10) 



AT 

/ \Tv(x) - ta{x)\ dp{x) < V / 

JX\E i=1 J X\E 



\(fi(x)\ dp(x) < C 3 . 



Via (3.10), to accomplish the proof of Theorem 3.1, it suffices to show that there exist 
positive constants C4 and C5 such that Cq = C4 + C^\\T\\ L 2^^ L 2^ satisfying 



(3.11) 



p({xeX: \a(x)\>C 6 })<-. 



Indeed, assume that (3.11) holds for the moment. Then from p(E) = j, (3.10) and (3.11), 
we deduce that 

p({xeX: \Tu(x)\ > (C 3 + C 6 )t}) 

< p ({x G X \ E : \Tv(x)\ > (C 3 + C 6 )t}) + p(E) 

< p ({x G X \ E : \Tu{x) - ta(x) | > C 3 t}) 

+p({x£X: \a(x)\>C G }) + p{E)<- t . 

This implies (3.7), and hence finishes the proof of Theorem 3.1, up to the verification of 
(3.11), which we do in the following lemma. □ 

Lemma 3.2. The estimate (3.11) holds. 

Proof. We first claim that there exist C4 and C5 such that for any set F with p{F) = j, 



(3.12) 



a(x)xF( x )dp(x) 



x 



< - [C 4 + C 5 ||T|| i 2( M )^ L 2( At) ] 



Indeed, let F be such a set. Then the definition of a gives us that 

AT 

(3.13) J ct(x)xf( x ) dp(x) = Y^ J x T XEA x )x F \B( Xl ,2p t )( x ) d ^ x ) 

N 

= J2 XeA x ) t *X f \b( Xi ,2 Pi )( x )M x )- 
i=l Jx 

From (1.4) and (1.3), it follows that for all x € Ei C B(x{,pi) and y G B(xi, 2pi)\B{x, pi), 
\(xi,pi) < X(y,d(x,y)), which, together with (1.5) and (1.4), further implies that for all 

x G Ei C B(xi,pi), 



T 



XF\B(xi,2 Pi )( X ) T *X F \B(x, Pi )(. x ) 



< 



B(xi,2 Pi )\B(x, Pi ) 



\K(y,x)\dp(y) 
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< 



1 



: Pi )\B(x, Pi ) x(y,d(x,y)) 
< 1. 



ci/i(y) 



< p(B(xi,2pi)) 



X(Xi, Pi 



This combined with the fact that T*\ f \b( x Pi )( x ) < {T*)^Xf(x) and Lemma 3.1 yields 
that for all x € Ei C B(xi,pi), 



XF\B(xi,2 Pi )y X ' 



< 



*XF\B(x t ,2pi)(. x ) ~ T *X F \ B (x,pi)( X ) + T *^\B(^,p,)( S ) 



<l + (T*)«XF(x)<l + ^(r*XF)(x). 



Furthermore, by this, (3.13), £7 = Ui=i ^ (disjoint union) and //(-E) = j, we have that 



(3.14) 



h 

Jx 



x)XF(x)dfi(x) 



N 

i=\ 
N 



XEi( x ) 



X 



XF\B(xi,2 Pi ) 



(x) dp(x] 



<E/ X El {x)[l + M{T* XF ){x)]dp{x) 
i=i ^ * 

~ 7+ / XE(x)M(T* X F)(x)dfi(x). 
t Jx 

Since T is bounded on L 2 (p), by duality, we see that T* is also bounded on L 2 (p) and 



I £2 0») 



From this fact, Lemma 2.3(i), p{F) 
deduce that 



- W 1 WvnA-ntfay 

p(E) and the Holder inequality, we further 



x 



Xe(x)M(T*xf)(x) dp(x) < ||xs||l2( m )||^(T*xf)||l2( a1 ) 



< 1 1 XE 1 1 L 2 (/I) 1 1 M 1 1 L 2 ( At )_ ) .z,2 ( M ) 1 1 T* 1 1 L 2 ( M ) _^ L 2 ( M ) 1 1 XF 1 1 L 2 ( M ) 

1, 



/ 



L3( A 0->£a( M )||T|| i a( M )_ +i a^), 



which together with (3.14) gives that there exist C4 and C5 satisfying (3.12). Therefore 
the claim (3.12) holds. 

Suppose that p({x € X : \cr(x)\ > Cq}) > 2/t. Then either 

(3.15) p ({x G X : u{x) > Cq}) > 1 



or 



t 



p ({x G X : a{x) < -Cq}) > -. 



Without loss of generality, we may only consider (3.15) by similarity. Pick some set F C X 
with p{F) = 1/t such that a(x) > Cq everywhere on F (such F exists because of Remark 
3.2). Then apparently, 



(3.16) 



/ v( x )Xf(x) dp(x) > 
Jx 1 
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Thus, we get a contradiction by combining (3.12) with (3.16), which implies (3.11), and 
hence completes the proof of Lemma 3.2. □ 

Remark 3.3. (i) Theorem 3.1 also holds with finite linear combinations of Dirac measures 
with arbitrary real coefficients. Indeed, every such measure v can be represented as v = 
v+ — z/_, where z/ + and v_ are finite linear combinations of Dirac measures with positive co- 
efficients and = ||^+|| + 1|. Therefore, ||TV||£i, ooi^ < 2{C\ + C2\\T\\ L 2^ lJ \_ ¥L 2^)\\v\\. 

(ii) If we replace the assumption of Theorem 3.1 that T is bounded on L (fj,) by that 
T is bounded on L q {n) for some q G (l,oo), then via a slight modification of the proof 
Theorem 3.1, we have (3.6) with \\T\\ L 2^)^ L 2^ replaced by \\T\\ Lq{fl) ^ Lq{tl y 

Proof of Theorem 1.1, Part I. In this part, we show that (i) of Theorem 1.1 implies (ii) 
and (iii) of Theorem 1.1 and that (ii) of Theorem 1.1 implies (iii) of Theorem 1.1. 

We first assume that (i) holds and show that (ii) and (iii) hold. By the Marcinkiewicz 
interpolation theorem and a duality argument, we obtain (ii) via (iii). Therefore, we only 
need to prove (iii). To this end, observe that for any / G L l (u), f = f + — f~, where 
/ + = max{/, 0} > and /~ = max{— /, 0} > 0. Moreover, if let Ci,(X) be the space of 
all continuous functions with bounded support, by [9, Proposition 3.4] and its proof, we 
see that for any / G L 1 ( / u) and / > 0, there exist C C^X) and fj > for all 

j G N such that \\fj — /Hl 1 ^) — > as j — > oo. By these observations combining with the 
linear property of T, we see that to show (iii), it suffices to prove that (1.7) holds for all 
/ G C b {X) and / > 0. 

Let t > 0, G = {x G X : f{x) > t}, f = f XG and f t = f X x\ G - Then Tf = T f + Tf t . 
Notice that 



ft(x)} 2 dfi(x) < t / f t {x)dn{x) < t\\f\\ L i M . 



Ll(M)> 



Ll(M) 



This and the boundedness of T on L 2 (fj.) yield that 

I \Tf t (x)\ 2 du,(x)<\\T\\l 2{ ^ L2M t 

J X 

which implies that 

(3-17) fi ({x G X : |T/ t (x)| > t\\T\\ L 2^)^ L 2^ 

})< 

We now estimate Tf 1 . Since, by / G C^{X), G is a bounded open set, by Lemma 2.2, 
there exists a sequence {Bi}i of balls with finite overlap such that G = Uj-Bj and 2Bi C G 
for all i. Without loss of generality, we may assume the cardinality of {B{}i is just N. 
Then the fact that {-BijjgN has the finite overlap implies that 



Then it is easy to see that fi > for all i G N. For any N G N and i G {1, 2, • • • , N}, 
define /W = E£i /i and ' 

&i= I fi(y)dfi(y)= / f(y)dn(y). 
Jx JBi 
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Then oti > for all i G N. By G = Ui^Bi and the finite overlap property of {I?j}j e N, we 
have 



(3.18) 



oo oo „ 

E a ^E/ f(y)Mv)< / f(v)dn(v)Z\\f\\»v)- 
i=i i=i ^ G 



Pick Xj G i?j and define = YliLi a i^Xi- We obtain that H^^H = Yli=i a i- By (3-18), 
the fact that 2Bi C G for alii G N and (2.6), there exists a positive constant G 7 such that 



(3.19) 



X\G 



IX\G 
N 



Tf( N Xx)-Tv( N \x) dfi(x) 

T fy^[/i (i/i - «i4J^ (s) d//(a;) 
\T(fidfj, - aiS Xi )(x)\ dfi(x) 



I JX\2Bi 



N 



< 



J><G 7 ||/|U 1M . 



i=l 



1 

< - 
~ t 



On the other hand, by Theorem 3.1, we see that 
H ({z G X : |Ti/W(aO| > (Ci + C 2 ||T|| L2(/x) ^ 2M )t}) < 1 
from which together with (3.19), we deduce that 

/i({xG*\G: |r/W(a;)| > {C 7 + C l + C 2 \\T\\ LH}i) _ L ^ ) ) t]) 
< n [\x G # \ G : |r/W(x) - Ti/W(a:)| > G 7 i}) 
+// {[x G * \ G : \T^ N \x)\ > (d + G 2 ||T|| L2(At) ^ L2(At) )t}) < H 
This combined with the fact that //(G) < ||/||z,i(^)/i implies that 
(3.20) (J, ^ jx G X : |r/W(x)| > (G 7 + Ci + G 2 ||r|| i2(/x) ^ 2(M) ) t}) < * 



Ufa), 



Observe that — > /' in L 2 ([x) as N ^ 00. From the L 2 (//)-boundedness of T, we 
then deduce that TfW -)■ T/* also in L 2 (/i) as JV -> 00. By this fact and (3.20), we have 



/x {{x G * : |r/'(x)| > (G 7 + Gi + G 2 ||T|| L 2 



(m)->l 2 Qx) 



*})< 



Li(M)' 



from which together with (3.17), it follows that there exist positive constants C$ and G9 
such that 

sup^({x G A" : \Tf(x)\ > t}) < (G 8 + C 9 \\T\\ L 2 {fl) _, L 2 {fl) ) \\f\\ L ifay 
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This implies (1.7), and hence finishes the proof of the implicity (i) =>• (iii). 

Now assume that (ii) holds. Then by Remark 3.3(h) and a similar proof of (i) => (iii), 
we see that (iii) holds. We omit the details, which completes Part I of the proof of Theorem 
1.1. □ 



4 Proof of Theorem 1.1, Part II 

This section is devoted to the proof of (iii) =>■ (i) of Theorem 1.1. To do so, we first 
establish the boundedness of T" from L 1 ^) to L 1 '°°(/i), which implies that {Tr}re(o,oo) 
is uniformly bounded from L 1 (fi) to L 1,co (n). By restricting fj, to /im, where fiM is the 
restriction of fj, to a given ball B{xq, M) for some xq E X and M E (0, oo), we will prove 
that for any r £ (0, oo) and p E (l,oo), T r is bounded on L p (/ij\,/). Then using a smooth 
truncation argument, we will further show that {2~r}re(0,oo) is uniformly bounded from 
L 2 (n) to L 2 (hm) with the constant independent of M. By letting M — > oo, {T^jr-e^oo) is 
uniformly bounded on L 2 (n). An argument involving the random dyadic cubes from [10] 
will yield the desired conclusion. 



Theorem 4.1. Let T be a C alder on- Zygmund operator with kernel satisfying (1.5) and 
(1.6), which is bounded from L 1 (fi) to L 1,00 (^t). Then there exists a positive constant C 
such that for any f € L 1 (/x), 

T*f <C||/|| L i fuV 

J 1,1. « ( M ) ~ " " L (M) 

Proof. Let p € (0, 1). By (i) and (ii) of Lemma 2.3, we see that A4 is bounded from L 1 ^) 
to L 1 ' 00 (/x) , and Ai p is bounded on L ' 00 (/x) . Then by the boundedness of T from L 1 (a.) to 
L 1,oc (/i), to show Theorem 4.1, we only need to prove that there exist positive constants 
C and C(p) such that for any / € L£°(/i) and x £ A', 

[^/(x^^^T/^F+t^/^. 

Moreover, it suffices to prove that for any r > 0, / £ L^(fJ,) and x £ X, 

(4.1) |T r /(x)P> < [AW(x)F + [Mf{x)f. 

To this end, for any j £ N, let rj = h 3 r and /ij = l^(B(x, rj)) be as in the proof of 
Lemma 3.1. Again let k be the smallest positive integer such that Hk+i < 4C?/Xfe_i and 
ii = rfc_i = 5 fc ~ 1 r. Similarly to the proof of (3.3), we see that 

(4.2) \T r f(x)-T 5R f(x)\<Mf(x). 

Let fi = fx~B( x 5R) an, i h = f ~ Si- For any u £ B(x, R), if K is the kernel associated 
with T, then by (1.6) and (1.3), we see that 



|T/ 2 (x)-T/ 2 (u)| < / \K(x,y)-K(u,y)\\f(y)\dfi(y) 

Jd(x,y)>5R 
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oo 
k=l 



d(x, u) 
5 k R 



\f(y)\ 

B(x,5 k +iR) A(x,5 fc i?) 



d»{y) Z Mf{x) 



This, combined with (4.2) and the fact that 



Tf 2 (x) 



x 



K(x, y)f 2 (y) dn(y) = T 5R f(x), 



implies that 



|T r /(x)| < \T r f(x) - T 5R f(x)\ + \T 5R f(x) - Tf 2 (u)\ + \Tf 2 (u)\ 
<Mf(x) + \Tf(u)\ + \Tf 1 (u)\, 

from which and p G (0, 1), it further follows that for all u G B(x,R), 

(4-3) \T r f(x)\ p < [Mf(x)] p + \Tf(u)\P + \Th(u)\v. 

Since T is bounded from L 1 ^) to L 1,00 (/i), by the Kolmogorov inequality (see, for 
example, [5, p. 102]), we obtain that 



(4.4) 



ITMuW du(u) < — = 



B(x,R) 



|/i(u)|d^(u) 



Taking the average on the variable u over B(x, R) on both sides of (4.3), and using (4.4), 
the Holder inequality and (3.2), we see that 



\T r f(x)\ p <[Mf(x)] p + [M p (Tf)(x)f 



fi{B(x,R)) Jb{ x ,r) 



\Th{u)\*dy,{u) 



< 



< 



[Mf(x)f + [M p {Tf)(x)f + 
[Mf(x)r + [M p (Tf)(x)r, 



[^(B{x,2bR))}P 



B(x, 5R) 



\f{u)\dn{u) 



which implies (4.1), and hence completes the proof Theorem 4.1. 



□ 



Let xq G X and M G (0,oo). We now obtain the boundedness of the truncated 
operators {T r } r& ^o )00 ) on L p (/j,m) for all p G (1, oo). Notice that the set X \ B(xq, M) has 
/UAf-measure zero by definition, and hence we may agree that any / G L p ([im) satisfies 
f\x\B(x M) With this agreement, observe that 



T r f(x) 



K(x,y)f(y) dfi(y) 



d(x,y)>r 



d(x,y)>r 



K(x,y)f(y)dn M (y) 



for / 6 L p (/um), so we may also replace \i by [im in the formula of T r f when considering 
functions / G L p {^m)- Finally, observe that hm also satisfies the upper doubling condition 
with the same dominating function A, so that all results shown for fi apply equally well to 
/ill, with constants uniform with respect to M. 
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Lemma 4.1. Let p € (1, oo) and r € (0, oo). Let M £ (0, oo) and \im be as above. Then 
there exists a positive constant C , depending on M and r, such that for all f £ L p {^im), 



\Trf\\ 



LP in M ) 



< C 



LP(fJ,M)- 



Proof. We first claim that there exists a positive constant C such that for all x £ B(xq, M), 
(4-5) \T r f{x)\<C[\{x,r)]-^\\f\\ LP{liM) . 

To this end, let Bq = B(x,r). Then (1.5) together with the Holder inequality gives that 



(4.6) 



\T r f(x)\ 



J 

JX\B 



dfj,(y) 



[X(x,d(x,y))]P' 



LP(fJ. M )- 



We prove the claim by inductively constructing an auxiliary sequence {ro, ri, T2, . ■ ■} of 
radii such that ro = r and r, + i is the smallest 2 fc rj with k £ N satisfying 



(4.7) 



\{x,2 k n) > 2X(x,n), 



whenever such a k exists. We consider the following two cases. 

Case (i) For each i £ Z + , there exists k € N such that (4.7) holds. In this case, ri + \ 
will be the smallest 2 fc rj satisfying (4.7) for all k £ N, and {-Bj}j 6 N = {B(x, rj)}j g ^. Now 
by (1.3) and the fact that 2 l X(x,r) < A(x,rj) for all i £ Z+, we have that 



(4.8) 



dfi(y) 



X\B t 



[X(x,d(x,y))] 



- < V 



i=0 



[X{x,r i+1 )]P' 
1 



- < V 



8=0 



[X(x, r. 



i+l 



~^[2tX(x,r)}P'-i 



[X(x,r)} 



p'-i 



and hence 



L 



dfi(y) 



x\B [\{x,d{x,y))Y 



< 



[A(x,r)] p. 



which combined with (4.6) implies (4.5) and the claim holds in this case. 

Case (ii) For some iq £ Z + , (4.7) holds for all i < Iq but does not hold for iq. In this 
case, if io £ N, we let {Bi} % ° =l as in Case (i), rj 0+ i = oo and Bi Q+ \ = X; otherwise, if 
iq = 0, we then let r\ = oo and B\ = X. Then we see that A(x,2 fc rj ) < 2A(x,rj ) for all 
£; £ N and 

fi(X) = lim n(B(x,t)) < lim X(x,t) = A(x, oo) < 2A(x,rj ), 



t— ¥OC 



t— ¥OC 



which, together with (1.3) and the fact that 2*A(x,r) < A(x,rj) for all i < io, gives (4.8) 
in this case, and the claim holds. 

If x € supp/iA/ = B(xq,M), then supp/ij\/ C B(x,3M). By this and the definition of 
supp u. M j we get that 

m (X) = u. M (B{x,3M)) < A(x,3M) < C^ +log2(3M/r) A(x, r), 
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thus 



(M/r) 

< X 



\{x,r) Hm{X) 
By this fact, we obtain that 



dHM{X) . <^x / a,. <„\ s < o3+log 2 (M/r) 



< TTTs / dHM(x) < C° x 

From this and (4.5), it follows that 

NT fll < llfll f f d ^(x) ]p 

VrJ llif (mm) ~ 11/ \\lp(jiu) /.. A(x,r) 

C(M,r)\\f\\ LPM . 

This finishes the proof of Lemma 4.1. □ 



^ \\J\\LP( MM ) 



Jx 

^,3+loga (M/r)" p 



We will need the following result which shows that two bounded Calderon-Zygmund 
operators having the same kernel can at most differ by a multiplication operator. 

Proposition 4.1. Let T and T be Calderon-Zygmund operators which have the same 
kernel satisfying (1.5) and (1.6) and are both bounded from L p (p) to L p '°°(fi) for some 
p G [1, oo). Then there exists b G L°°(/i) such that for all f G L p (p), 

Tf -Tf = bf and ||&||z,°o( m) < ||T - T\\ LPlyljL) _, LP , x ^y 

The proof will rely on the following lemma. 

Lemma 4.2. For a suitable 5 G (0, 1), t/iere exists a sequence of countable B or el partitions, 
{Qa}a££f k , k G Z, o/ <f urai/i i/ie following properties: 

(i) For some x k a ^ X and constants < ci < C2 < oo, S(x^,,ci<5 fc ) CQjc B(x^,C25 k ); 

(ii) {Qa +1 }aG^ fe+1 «s a refinement of {Q*} aes / k . 
Moreover, it may be arranged that 

(4-9) /if|j0Q*j=O, 

where for a set Q, dQ = {x G : (i(ir, Q) = d(a;, X \ Q) = 0} is £/ie boundary. 

Proof. Let {Qa} Q ,fcez be the random dyadic cubes constructed in [10], so in fact Q^, = 
Q^{oj) where u is a point of an underlying probability space CI. We use P to denote a 
probability measure on CI (as constructed in [10]), so that ¥(A) is probability of the event 
A C CI. By the construction given in [10], these sets automatically satisfy the other claims 
for all uj G Cl, and it remains to show that we can choose cj G CI so as to also satisfy (4.9). 
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The "side-length" of Q k a is defined £(Q k ) = 5 k , where 5 G (0, 1) is a fixed parameter 
entering the construction. For e G (0,oo), let 

5 e Q = {x: d(x,Q) <e£(Q)}f]{x : d(x,X\ Q) < e£(Q)}. 

It was shown in [10, Lemma 10.1] that there exists an r/ > such that for any fixed x G X 
and k G Z, 

In particular, by taking the limit as e — > 0, we obtain that 



e\JdQ k J=o. 

a ) 



Then it is possible to sum the zero probabilities over k G Z to deduce 

e\JdQ k a ) =o. 



Now we can compute (the integration variable of the dP-integrals is u; G fi, the random 
variable implicit in the random dyadic cubes = Qa(ui)): 



f »[\JdQ k a ) d¥= j f l Uh>aBQ k(x) dfi(x) dF = j j l UkadQl (x)<Wdii(x) 

\k, a. j 

= J P ^X G U d Qa j MX) = 0. 

So, the integral of //(U^qSQ^^)) > is zero. This means that /i(Ufc jQ ,9(5o(^)) = f° r 
P-almost every wed, Now we just fix one such cj, and for this choice, the boundaries of 
the corresponding dyadic cubes Q k a = Q k a ioS) have \i- measure zero. This implies (4.9) and 
hence finishes the proof of Lemma 4.2. □ 

Proof of Proposition 4-1- Let S = T — T. Then S is bounded from L p {fi) to L p, °°(//) for 
some p G [1, oo) as in the proposition, and it has kernel 0. We will prove that for all 
M G N and all / G L p (fi) with supp / C Bm = B(xq, M), and /x-almost every x G X, 

(4.10) Sf(x) = f(x)S (1 Bm ) (x) = f(x)b M (x) 

and 

ll & M||i°°( MM ) < ||#||lp( m )->-LP,°°(>)> 

where Hm = iAb m - 
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Suppose for the moment that (4.9) and (4.10) are already verified. If M < M' , then for 
all / € L p ({i) with supp / C Bm f= %, we have fbju = Sf = fb^i almost everywhere 
on Bm- Since this is true for all such /, we must have frjvf' = ^>u on %i and hence we 
can unambiguously define b(x) for all x £ X by setting b(x) = 6m(^) for x € Bm- The 
uniform bound (4.10) implies that H&H^oo^) < || S'Hlp^-^-lp. 00 ^); and we have Sf = bf 
for all / G L p ((i) with bounded support. Finally, by density this holds for all / £ L p (/n). 
Thus, proving (4.9) and (4.10) will prove the proposition, and we turn to this task. 

Now we prove (4.9). Let us consider functions of the form 

( 4 - 12 ) E^nB M , 

a 

where {Q k a } Qj k are the dyadic cubes with zero-measure boundaries, as provided by Lemma 
4.2. Since (X, d) is geometrically doubling and Bm is bounded, we see that only finitely 
many Q k a intersect Bm, and hence the sum in (4.12) may taken to be finite. 
We claim that for /u-almost every x € X , 

( 4 - 13 ) s [}q^Bm) (aO = ^QknB M (x) ■ S (1 Bm ) (x). 

Indeed, observe first that for //-almost every x E X, 

(4.14) S(1 B J (x) = S fE^nflv j (*) = X> (V^) 

On the other hand, the assumption that S has kernel means that for any / £ L£°(/i) 
and /i-almost every x £ supp/, 

S/(s) = / 0/( 1 /)d/x(i/) = 0. 

This gives that 

supp (5 (l Q * nBM )) C suppl Q fe nBM = Q^f|B A/ 

c oju^ = (^n^) u (^n^) ■ 

Recall that and are disjoint if a 7^ /3, which together with (4.11) implies that 
almost every x € n -Bm is outside supp (S , (lgfc nBj/ )). Hence S'(lQfe nSAf )(x) = for 
^-almost every x € Q„ H -Bm, and thus, for //-almost every x £ X, 

iQ&nButoS \}q^Bm) ( x ) = ^QlnBM^S (l Q k nBM ) (x) = 5 al3 S (l Q k nBM ) (x), 

where J Q( g = 1 if a = (3 and S a p = otherwise, and the last equality follows from the 
fact that ^-Q k nB M { x ) = 1 fo r /^-almost every x 6 supp(5(lgfc nB )). Multiplying (4.14) 
by lQfenB M gives 
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which is precisely (4.13). 

Now it is easy to complete the proof of (4.9). For any / of the form (4.12), it follows 
from (4.13) that 



(4.15) Sf = J2 X * S (lQ*nB„) = Y.< 1 Q^b m S{Ib m ) = fS(l Bji ) . 

a a 

On the other hand, recall that martingale convergence implies that for any / G L 1 ( / u), 

E*/ = £</>q* / 

a 

for //-almost every x G X and in L p (^i) as A; — > oo. If / € L p (fi) is general, apply 
(4.15) to Efc/ • 1b m - Then as fe — > oo, we have E&/ • 1 Bm — > / • 1# A/ in L p (/z), hence 
5(Efc/ • 1b m ) — > 5(/ • 1_b m ) in L p, °°(fi), and thus almost everywhere for a subsequence. 
Also, by (4.15), we obtain that 

S (E fe / • 1 Bm ) = E k f ■ 1 Bm ■ S (1 Bm ) f ■ 1 Bm ■ S (1 Bm ) 

for /i-almost every x G X . As a result, for all / G L p ((i), 

S(f ■ lfi M ) = / ' 1-Bm ' S0-B M ) = f ■ ls M • 

where b M = S (1 Bm ) G LP>°°(u) since l Bjl/ G Z?(/i). Thus, (4.9) holds for all / G 
with supp/ C Bm- 

It remains to prove (4.10). Let A G (0, oo), / = ^{\b M \>\}r\B M an d 



5 = 1151 



LP(/i)->-LP' 00 (/i)- 



Then ||/|| L p( At ) = \fi({x G AT : \b M (x)\ > X}nB M )]^ p . By this, (4.9) and the boundedness 
of S from L p (n) to L p, °°(n), we see that 

A [^({x G X : \b M (x)\> X}nB M )] 1/p 
= \[u.({xeX: \b M (x)f(x)\>X})] 1 / p 
= \[u.({xeX: \Sf(x)\>X})]^ p 
< \\Sf\\ LP ,oo^ < B\\f\\ LP ^ 

= B [u.({x G X : \b M (x)\ > A} n B M )f p . 

This means that either ji{{x G : |6^f(x)| > A}(~I-Bm) = or A < B, which is the same as 
||6m||z,°°(^ m ) < B. This implies (4.10), and hence finishes the proof of Proposition 4.1. □ 

From Proposition 4.1, we easily deduce the following consequence. 

Lemma 4.3. Let T and T be C alder on- Zygmund operators which have the same kernel 
satisfying (1.5) and (1.6) and are both bounded from L l ([x) to L l,oc (pb). Assume thatT is 
bounded on L 2 (fi). Then T is also bounded on L 2 (fi). 
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Proof. By Proposition 4.1, we have Tf = Tf + bf, where b E L°°(fi). Hence 

ll^/lk 2 ^) < ll^/lll^) + WbfW^ifJ.) < (11^11^2(^)^2^) + ||i»|| it x»( M )) 11/1^2^), 

which completes the proof of Lemma 4.3. □ 

Proof of Theorem 1.1, Part II. In this part, we show that (iii) of Theorem 1.1 implies (i) 
of Theorem 1.1. Let [im = iAb(x q m) ' 3e as before. The assumption clearly implies that T is 
bounded from to L 1,0 °(hm), with a norm bound independent of M. We will then 

prove that T is bounded on L 2 (fiM), still with a bound independent of M . By the density 
of boundedly supported L\ oc (/^-functions in L 2 (fi) and the monotone convergence, this 
suffices to conclude the proof of (iii) =^ (i) of Theorem 1.1. Thus, from now on we work 
with the measure (Im, recalling that it satisfies, uniformly in M, the same assumptions as 
fi, so that everything shown for fj, above equally well applies to pm- 

By Theorem 4.1, we see that T" is bounded from L 1 (hm) to L 1 ' 00 (/ij\,/), which implies 
that {T r } re (o oo) is uniformly bounded from L 1 {^m) to L 1, °°(/xm) ) and the bound (denoted 
by N\) depends only on the norm of T as the operator from L 1 (/i) to L 1,00 (//). 

Let p € (l,oo). It follows from Lemma 4.1 that for any r E (0, oo), T r is bounded on 
L p {^m) with p E (l,oo), but with the norm a priori depending on M and r. We claim, 
however, that {T r } re ( 0i oo) is uniformly bounded on L 2 (p^f). That is, if we denote the 
corresponding norm by N p (r,M), then we have that there exists a positive constant C 
depending on Ni, but not on r or M, such that 

(4.16) N 2 {r,M)<C. 

To this end, we define for any r E (0, oo) and x E X, 

'd(x,y)- 



Tff(x) = j K(x,y)^-^-)f(y)d^y), 



where ip is a smooth function on (0, oo) such that supp^ Q [1/2, oo), ip(t) E [0, 1] for all 
t E (0,oo), and ip{t) = 1 when t E [1, oo), and K is the kernel of T. It follows, from the 
definition of Tf ', (1.5) and (1.3), that for any x E X, 



T r f(x)-Tff(x) < l_ \K(x,y)\\f(y)\dfx(y) 

B(x,r)\B(x,r/2) 

\f(y)\ 



< 



B(x,r) A(x,r/2) 



drtv) Z Mf(x) 



This fact, together with Lemma 2.3(i), implies that the boundedness of T r on L p ([xm) 
for p E (l,oo) or from L 1 (^a/) to L 1,oc {pm) is equivalent to that of Tf. Moreover, if 
{T r }re(o,oo) is uniformly bounded on L p {[im) or from L 1 (^m) to L 1,co (pm), then so is 
{Tr}r&(o,oo); and vice verse. 

Now we denote by N p (r, M) the norm of Tf on L p {^hi) and by N\ the (finite) supremum 
over r and M of the norms of Tf from L 1 (hm) to L 1,oc (/j,m)- Then to show (4.16), we 
only need to prove that 

(4.17) N 2 {r,M)<C 
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for some positive constant C independent of r and M. 

We now prove (4.17). Observe that for each r, Tf is bounded on L 2 (u.m) and from 
L 1 (^m) to L ' °°(//m)- Then from the Marcinkiewicz interpolation theorem, we deduce 
that T$ is bounded on lI (fj, M ) and Ni(r,M) < [iV 2 (r, M)]5 . By duality, the right 
hand side gives also the bound for the norm of (Tr)* on L 4 (u. M ). Observe that 

Then (Tr)* is also a Calderon-Zygmund operator. Thus (Tf)* is bounded from L 1 (hm) 

to L 1,oc (ij,m) and the norm is bounded by cA^ 2 [iV 2 (r, M)]a -fc for some positive constants 
c and c. Another application of the Marcinkiewicz interpolation theorem yields that 

i 4 - — - — — 1 

the norm of (Tr)* on L3(fj, M ) is also bounded by cN^ [N 2 (r, M)] 2 + c. By duality, we 

further see that N^(r,M) < cA-j 2 [A2(r, M)] 2 +c. Using interpolation again, we have that 

N 2 (r,M) < cNf[N 2 (r,M)]^ +c, from which (4.17) follows. Thus, (4.16) holds and the 
claim is true. 

As a result of (4.16), we see that {T r } r e(o,oo) i s uniformly bounded on L 2 (u, M ), with 
bounds also uniform in M. By letting M — > 00, we have that {T r } re (o jOQ ) is uniformly 
bounded on L 2 (fi). Then there exists a weak limit T bounded on L 2 (fi) and some sequence 
T\ — > as i — > 00. That is, for all / £ L 2 (/j,) and g € L 2 (u,), 

(g,ff)= ]hn(g,T r J). 

By a standard argument (see, for example, [7, Proposition 8.1.11]), it is easy to check 
that T is a Calderon-Zygmund operator with the same kernel K(x, y) as T. It follows, 
from (i) => (iii) of Theorem 1.1 for the operator T, that T is also bounded from L l ([x) to 
L 1,00 (fi). Applying Lemma 4.3, we have that T is also bounded on L 2 (fj,). This finishes 
the proof of (iii) => (i) of Theorem 1.1 and hence the proof of Theorem 1.1. □ 



5 Proof of Corollary 1.1 

As an application of Theorem 1.1, we prove Corollary 1.1 in this section. We begin 
with an inequality for T^ on the elementary measures. 

Lemma 5.1. Let p G (0, 1) and T be a Calderon-Zygmund operator with kernel satisfying 
(1.5) and (1.6), which is bounded on L 2 (fi). Then there exist positive constants C and 
C(p) such that for all elementary measures v = ^\ a i&xi o- n d x 6 supp^i, 

(5.1) [r tt i/(x)j P < C [M p Tu(x)] p + C(p)[Mv(x)f. 

Proof. As in Lemma 3.1, let r £ (0, 00), rj = 5 J r, u.a = u.(B(x, r,-)) for j £ Z+, k be the 
smallest positive integer such that fik+i — 4C^/i/ c _i and R = rk-i = 5 k ~ 1 r. Similarly to 
the proof of (3.3), we have 

(5.2) \T r v(x)-n R v(x)\<Mv(x). 
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Now decompose the measure v as v = v\ + v 2 , where 

i: Xi£B(x, 5R) 

and 

V2 = OSi5 Xi . 
i-.Xi£B(x,5R) 

Applying (2.4) to T*, we have that for any x € B(x, R), 



\Tsrv{x) - Tv 2 (x) 



X 



K(x, y)x X \B{x, 5R) (v) du (y) ~ Tv ^ x ) 



K(x,y) dv 2 (y) - Tv 2 (x) 



This implies that 
(5.3) Hi = 



1 



fi(B(x,R)) Jb(x,r) 
On the other hand, write 

H 



X 

= \Tu 2 {x) - Tu 2 (x)\ = \(6 X , Tv 2 ) - (6s, Tu 2 )\ 

< [ \T*(6 x -6 s )(y)\du 2 (y) 
Jx 

< I _ \T*(6 x -6 x )(y)\dv(y)<Mv(x). 

JX\B(x,5R) 



\T 5R v(x) - Tv 2 (x)\P dfi(x) < [Mv{x)f. 



2 = — 7= 



H(E(x,R)) Jb(x,r) 



1 



\Tv 2 (x) - Tis(x)\ p dfi(x) 



\Tv x {x)\p dfx(x) 



H(E(x,R)) Jb(x,r) 
1 f°° 

= / p S P~^{{x€B(x,R) : \T^(x)\ > s}) ds. 

fi(B(x,R)) Jo 

Since T is bounded on L 2 (/x), by Theorem 3.1, we have that for every s € (0, oo), 

Wi I 



fi({x€B(x,R) : |ZVl(x)| > s}) < min U (B(x, R)) , 



(5.4) 



Observe that |j^i|| = v(B(x,5R)). This, together with (5.4), the definition of Aiv and 
(3.2), gives that 

»({x€B(x,R): \Tu 1 (x)\>s}) ds < » (B(x, R)) min ( 1, i^^M") 

V s n{B{x,R)) J 



<^(B(x,R))min(l, ^Mv(x)\ , 
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which further implies that 



H2 < / ps p_1 min(l, -Mv(x) ) ds 

Mv(x) roo 



rjvivyx) poo 

/ P s p ~ l ds + ps rJ ~ 2 Mv{x) ds < [Mu{x)} p . 

JO Jmu(x) 



I Mu(x) 

From this combined with (5.3), we deduce that 



^ p „ / \Tsru(x) - Tu(x)\ p dfi(x) < Hi + H 2 < [Mv(x)] p . 
B(x,R)) Jb(xM 



fi(B(x,R)) Jb(x,r) 
Using this and (5.2), we see that 

\T r v(x)\* = 1 — / \T r v(x)\>dn(x) 
fi{B(x,R)) Jb{x,r) 

<_J— f [\T r u{x)-T 5R v{x)\ p 
H(B(x, R)) Jb(x,r) 

+\T 5R u(x) - Tu(x)\ p + \Tv(x)\ p ] dfi(x) 

< [Mv{x)f + 1 / \Tv{x)\ p du,{x) 

H{B{x,R)) Jb{x,r) 

< [Mv{x)f + [M p Tu(x)] p . 

Taking the supremum over r > 0, we see that (5.1) holds, which completes the proof of 
Lemma 5.1. □ 

As a result of Lemma 5.1, by Theorem 3.1 and (i) and (ii) of Lemma 2.3, we have the 
following corollary. 

Proposition 5.1. LetT be a C alder on- Zygmund operator with kernel satisfying (1.5) and 
(1.6), which is bounded on L 2 (p). Then there exists a positive constant C such that for 
all elementary measures v € M{X), 



< C\\u\ 



Proof of Corollary 1.1. By Theorem 1.1, Remark 3.1, Lemma 2.3(i) and a density argu- 
ment, we have (i). To prove (ii), it suffices to prove (1.8), since for any / € L l {^), if we 
define du = fdu,, then we see that v E ^(X) and (1.9) follows from (1.8). Moreover, recall 
that for any complex measure v G ^(X), \v\{X) < 00; see, for example, [15, Theorem 
6.4]. Then by considering the Jordan decompositions of real and imaginary parts of u, we 
only need to prove (1.8) for any finite nonnegative measure. 

To this end, assume that v is a finite nonnegative measure and fix t > 0. We show that 

u.({xeX: \ T K(x)\>t})<^. 
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Let R > and consider the truncated maximal operator T^v = sup r>R \T r v\. Since 
T^y(x) increases to T^v{x) pointwise on X as R — > 0, it suffices to show that there exists 
a positive constant C such that for every R > 0, 



(5.5) 



H (jx G X : T S R u(x) > t} 



< 



In what follows, we use P to denote a probability measure on a probability space Q, 
P(A) the probability of the event i C Si, E(£) the mathematical expectation of a random 
variable £ G L X (P) and V(f) = E[(f - E£) 2 ] = E£ 2 - (E£) 2 the variance of £ G L 2 (P). 

For each iV G N, consider the random elementary measure un = ^Eili^.i where 
the random points C X are independent and P({xj G E}) = u(E)/\\u\\ for every 

Borel set E C X. This immediately implies that 



Ef( Xi ) = ,i\ / /(z)di/(z) 
Irll Jx 



for / = 1e by definition, for simple functions / by linearity, and finally for all / G L l (i>) 
by approximation. From this, we deduce that for every x G X and r > R, 



(5.6) 



E[(T r 6 Xi )(x) 



rT r u(x). 



Indeed, 



\u\\-E[(T r S Xi )(x)]= / (T r S z )(x)du(z) 
Jx 



K(x,y)d5 z (y)dv(z) 

X Jd(y,z)>r 

ld(x,z)> r K(x,z)dv(z) = T r v{x). 

x 

Thus, (5.6) holds. 

Fix some xq G X and M G (R, oo). On the other hand, from (1.4) and (1.3), we deduce 
that for any x G B(xq, M), 

\(xq,M) < X(x,M) < cl +lo ^ M/R) X(x,R), 

where C\ is as in (1.3). By this, the fact that r > R, (5.6) and (1.5), we have that for any 
x G B(x ,M), 



(5.7) Y[T r S Xi (x)} <E[\T r 5 Xi (x)\' 



x 



K(x,y)d8 Xi (y) 



1 c 2[l+log 2 (M/R)\ 

[K(x,Xi)]\ x ^ M (xi)dP< [x{x ^ r)]2 < [ A(X0)M)] 2 • 
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Moreover, by (5.6), we see that 
(5.8) E[(T r u N )(x)] = ^E[(TAJ(z)] = T r u(x). 



N 



i=l 



This, together with the Cauchy inequality and (5.7), implies that there exists a positive 
constant c, independent of xq, M, r, R and N, such that 



V[T r u N (x)} 



N 2 



■V 



v 



^T r 8 Xi {x) 



i=l 



< 



N ., ||2 c 2[l+log 2 (M/i?)] 

^gv[rA,Wl<cJLL * 



t=l 



Fix a number 7 G (0, cxd) small enough. From the fact above, the Chebyshev inequality 
and (5.8), we deduce that for every point x G B(xq,M) such that |T r ^(x)| > t, 



¥({\T r u N (x)\ < (1 - 7 )i}) < W({\T r v N (x) - T r v{x)\ > 7 t}) 

A 



, V(T r u N )(x) < 



1 ll^lp ^[l+log^AZ/R)] 



1 



2^2 



7 2 t 2 JV [A(x ,M)] 2 



<7, 



2 ^[l+logaCAf/H)] 

provided iV > c-j^r A [A(xo,M)] !j — • Since r > i? is arbitrary, we infer that for each x G A? 
satisfying T R u(x) > t, 

p({T^v(x) < (1-7)*}) <7- 

Let be any given Borel set with (jl{E) < 00 such that T R v{x) > t for every x G E. 
Then 

G£: 4z/at(x) < (1-7)*})) =J P{[Tiu N (x) < (1-7)*}) dfi(x) 



E U 1 



Thus there exists at least one choice of points {xi]f =1 such that (J,({x G E : T r un(x) < 
(1-7)*}) < 1V{E), and therefore, n({x G E : Tj,^v(x) > (1-7)*}) > (l--f)fi(E). From 
this together with Proposition 5.1, it follows that 



KE) < {{ x e E ■ t rVn(x) > (1 - 7)*}) 



< 



(1-7) 2 * 



< 



L1.«(m) ~ (1-7) 2 * 



(1-7) 2 *' 



Since 7 > is arbitrary, we obtain that fi(E) 



< 



\i>\ 

T 



As E is an arbitrary subset of 



finite measure of the set of the points x G X for which T R p(x) > t, we obtain (5.5), which 
completes the proof of Corollary 1.1. □ 

Remark 5.1. If we replace the assumption of Corollary 1.1 that T is bounded on L 2 (fi) 
by that T is bounded on L q {u) for some q G (1, 00), then Corollary 1.1 still holds. 
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